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Appendix and corrigenda to “Notes on Quartic
Fields”
By
Yasuo Motoda
Abstract: We give an appendix and corrigenda to the former paper [5]. First we
present proofs of [5, Proposition 1] giving a classification of the quartic fields, and
[5, Remark 1] describing a necessary and sufficient condition for a quartic field to be
Galois and pure quartic. Next we construct a series of infinitely many quartic fields
each which does not contain any quadratic field. Finally we give corrigenda to [5].
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1. Introduction
Let K be a quartic field over the rationals Q. Let ZK be the ring of integers of K.
In [5] we considered the followings:
(i) classification of the quartic fields,
(ii) determination of the integral bases and the discriminants of biquadratic fields and
pure quartic fields.
(iii) construction of a parameterized series of real biquadratic fields which are mono-
genic.
L.-C. Kappe and B. Warren [4] gave a necessary and sufficient condition for a quartic
field K with a quadratic subfield k to be Galois, and J. G. Huard, B. K. Spearman and
K. S. Williams gave one for K to be pure [3, Proposition 2]. We reprove these results
independently of their proofs.
In section 2 we consider the case (i) and give precise description and proofs of [5,
Proposition 1 and Remark 1]. Namely we give a necessary and sufficient condition for K
to be pure, cyclic or biquadratic, respectively, and give a proof of [5, Remark 1]. Further
we give examples of those quartic fields which do not contain any quadratic field.
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2 Appendix and corrigenda to “Notes on Quartic Fields”
In section 3 we give corrigenda to [5].
2. Appendix
In this section, we give proofs of [5, Proposition 1 and Remark 1], and give examples
of quartic fields having no quadratic subfield. A quartic field K is called pure if it has
a defining equation of the form x4 + a = 0 for some a ∈ Q and K is called cyclic or
biquadratic if K/Q is a Galois extension and its Galois group is cyclic or of 2 × 2 type,
respectively.
Proposition. ([3], [4]). The quartic fields are classified as follows:
Case 1. The case that K contains a quadratic field k = Q(
√
d) with d ∈ Z squarefree.
In this case we have
K = Q
(√
a+ b
√
d
)
,
where a, b ∈ Z, b 6= 0 and the greatest common divisor (a, b) is square free. Note that the
defining equation for θ =
√
a+ b
√
d is x4 − 2ax2 + a2 − b2d = 0.
(1.1) The case that K is a pure quartic field. This is equivalent to a2− b2d = −dj2 for
some rational integer j ([3, Proposition 2]).
(1.2) The case that K is a cyclic field. This is equivalent to a2 − b2d = dj2 for some
rational integer j ([4]).
(1.3) The case that K is a biquadratic field. This is equivalent to a2 − b2d = j2 for
some rational integer j ([4]).
(1.4) The case that K is not a Galois extension of Q. This is equivalent to a2− b2d 6=
j2, dj2 for any rational integer j. In this case, the Galois group of the decomposition field
of K over Q is a dihedral group of degree 4 ([4]).
Case 2. The case that K does not contain any quadratic field. This is equivalent to
that whenever ax4 + bx2 + cx + d = 0 is a defining equation of K with a, b, c, d ∈ Z, we
have c 6= 0.
Proof. We note that the conjugate numbers of θ =
√
a+ b
√
d are ±
√
a±√d.
First we prove the case (1.3). Suppose K is biquadratic and let Q(
√
p), Q(
√
q) be
the quadratic subfields of K different from k with p, q ∈ Z squarefree. Then we can write
pq = c2d with c = (p, q). Note that {1,√d,√p,√q} is a linear basis of K over Q. Put
p = cd1, q = cd2, d = d1d2 and√
a+ b
√
d = T + U
√
d+ V
√
p+W
√
q
with T, U, V,W ∈ Q. Then we have a+ b√d = A+B√d+ C√p+D√q, where
A = T 2 + U2d+ V 2p+W 2q, B = 2TU + 2cV W,
C = 2TV + 2d2UW, D = 2TW + 2d1UV.
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Then A = a, B = b, C = 2TV + 2d2UW = 0 and D = 2TW + 2d1UV = 0. From the
last two formulas we have (d1V
2− d2W 2)T = (d1V 2− d2W 2)U = 0. If d1V 2− d2W 2 = 0,
then V = W = 0 because d = d1d2, (d1, d2) = 1 and d1, d2 are squarefee. Then we have√
a+ b
√
d = T +U
√
d. This does not occur. Therefore d1V
2−d2W 2 6= 0 and T = U = 0.
This implies
√
a+ b
√
d = V
√
p+W
√
q. Hence we compute
a2 − b2d = (pV 2 + qW 2)2 − 4pqV 2W 2 = (pV 2 − qW 2)2.
Conversely, if a2 − b2d = j2 for some j ∈ Z, then we obtain(√
2(a− j) + ε
√
2(a+ j)
)2
= 4
(
a+ b
√
d
)
,
where ε = 1 if a ± j and b have the same sign or if one of a ± j and b are positive, and
ε = −1 otherwise. Also we see √2(a− j) ·√2(a+ j) = ±2b√d. Therefore
K = Q
(√
2(a− j),
√
2(a+ j)
)
and K is biquadratic.
Next we prove (1.2). Suppose K is cyclic. Since
√
a+ b
√
d and
√
a− b√d are con-
tained in K, their product
√
a2 − b2d is also contained in K. This implies √a2 − b2d ∈ k
because k = Q(
√
d) is the unique quadratic subfield. If
√
a2 − b2d ∈ Q, then a2−b2d = j2
for some j ∈ Z and K is biquadratic. This does not occur. Therefore √a2 − b2d = j√d
and then a2− b2d = j2d for some rational integer j. Conversely, if a2− b2d = j2d for some
rational integr j, then
√
a+ b
√
d and√
a+ b
√
d ·
√
a− b
√
d = ±
√
a2 − b2d = ±j
√
d
are contained in K. Therefore
√
a− b√d is contained in K. This implies that K/Q is a
Galois extension and hence K is cyclic.
Next we prove (1.1). Suppose K is pure quartic. Hence K is written as K =
Q(
4
√
AB2), where A,B ∈ Z and A is squarefree. Put η = 4√AB2. Then {1, η, η2, η3} gives
a basis of K = Q(η) overQ as a linear space. We write
√
a+ b
√
d = T+Uη+V η2+Wη3.
Then
a+ b
√
d = (T ± V√AB2)2 + (U ±W√AB2)2 · (±√AB2)
+2(T ± V√AB2)(U ±W√AB2) 4√AB2,
where η2 = ±√AB2. Since 4√AB2 has degree 4, we have T = V = 0 or U = W = 0. If
U = W = 0 then
√
a+ b
√
d = ±(T ± V√AB2). This does not occur. Hence T = V = 0
and a+ b
√
d = ±(U ±W√AB2)2√AB2. From the last formula we obtain
a = ±2UWAB2, b2d = (U2 + AB2W 2)2AB2.
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Since A is squarefree, we see d = A. Applying the above relations we calculate
a2 − b2d = 4U2W 2A2B4 − (U2 + AB2W 2)2AB2 = −(U2 − AB2W 2)2AB2.
Hence we have a2−b2d = −j2d with j = (U2−AB2W 2)B. Conversely, assume a2−b2d =
−j2d for some j ∈ Z. We choose quartic roots
µ = 4
√
d(b+ j)2, µ′ = 4
√
d(b− j)2
so that µ2 = (b+ j)
√
d, (µ′)2 = (b− j)√d. Since
µµ′ = ± 4
√
d2(b2 − j2)2 = 4
√
a4 = εa
with ε = ±1, we obtain µ ∈ Q(µ′). Note that
(µ+ εµ′)2 = (b− j)
√
d+ (b+ j)
√
d+ 2a = 2(a+ b
√
d).
Therefore we have K = Q
(√
a+ b
√
d
)
= Q(µ′). This is a pure quartic field.
Next we prove (1.4). Suppose K/Q is non Galois. Let L be the decomposition field
of K with Galois group G. In this case the conjugate θ′ =
√
a− b√d of θ =
√
a+ b
√
d
is not contained in K. Hence we have L = Q(θ, θ′) and [L : Q] = 8. Let σ, τ ∈ G be the
automorphisms of L such that
σ(θ) = θ′, σ(θ′) = −θ, τ(θ) = −θ, τ(θ′) = θ′.
Since σ2(θ) = −θ and σ2(θ′) = −θ′, the order of σ is 4. Note that σ(√d) = −√d holds.
It is clear that τ has order 2. Then we have G = 〈σ, τ〉. We compute
στ(θ) = σ(−θ) = −θ′ = τ(−θ′) = τσ3(θ), στ(θ′) = σ(θ′) = −θ = τ(θ) = τσ3(θ′).
This gives στ = τσ−1. Hence G is a dihedral group of degree 4.
Finally we treat Case 2. We have seen that if K contains a quadratic field then there
exists a defining equation of the form x4+ ex2+ f = 0 with e, f ∈ Z. If ax4+ bx2+d = 0
is a defining equation of K with a, b, d ∈ Z, then Q (√b2 − 4ad) is a quadratic field
contained in K. Therefore we have proved the proposition.
Remark. ([1, Lemma 4]) A pure quartic field K is a Galois extension of Q if and only
if K = Q(
√−1, √2b) = Q( 4√−b2) for some b ∈ Z.
Indeed, if K is defined by the equation x4 + ab2 = 0, where a is squarefree and b > 0,
and if K/Q is Galois, then since the solutions of the equation are x = ± 4√−ab2, ±i 4√−ab2
with i =
√−1, we have i ∈ K. If |a| > 1 then √−a ∈ K and K is generated by
√
b
√−a.
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It is clear that ab2 6= j2, −aj2 for any j ∈ Z, which is a contradiction to Proposition
(1.4). If a = −1 then the defining equation x4− b2 = 0 is not irreducible. Therefore a = 1
and hence the solutions are x = ±ξ√2b, ±ξ′√2b, where ξ = (1+ i)/2 and ξ′ = (1− i)/2.
Therefore K = Q(i,
√
2b). Conversely, if K = Q(i,
√
2b) then K/Q is Galois and K is a
pure quartic field generated by 4
√−b2.
Before giving an example, we prepare the following three lemmas.
Lemma 1. ([2, Eisenstein’s Irreducibility Theorem p 202]) Let p be a prime number
and let f(x) = xn + a1x
n−1 + · · · + an−1x + an be a polynomial with rational integral
coefficients. If p | a1, · · · , p | an−1 and p || an, then f(x) is irreducible.
Lemma 2. ([8, Silvester’s resultant]) Let f(x) = xn + a1x
n−1 + · · · + an−1x + an be
a polynomial with rational integral coefficients and let f ′(x) be its derived function. Then
the discriminant of f(x) as ideal is equal to Silvester’s resultant R(f, f ′) which is defined
by the following determinant of degree 2n− 1:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 a1 a2 · · · an 0 · · · 0 0
0 1 a1 a2 · · · an 0 · · · 0
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 · · · 0 1 a1 a2 · · · an
n (n− 1)a1 (n− 2)a2 · · · an−1 0 0 · · · 0
0 n (n− 1)a1 (n− 2)a2 · · · an−1 0 · · · 0
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 · · · 0 n (n− 1)a1 (n− 2)a2 · · · an−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
Lemma 3. ([2, Composition Theorem p 443]) Let F be an algebraic field of degree n
and k be a subfield of F of degree m. Let DF , Dk and DF/k be the differents of F, k and
the relative different of F/k, respectively, and let DF , Dk and DF/k be the discriminants
of F, k and the relative discriminant of F/k, respectively. Then we have DF = DF/kDk
(Composition Theorem) and D(F ) = Nk(D(F/k))D(k)
n/m.
Example 1. We construct a quartic field which does not contain any quadratic field.
Let θ be a root of the equation f(x) = x4 − 2x − 2 = 0. This equation is irreducible by
Lemma 1. The discriminant DK(θ) is given by the Silvester’s resultant R(f, f
′), where
f ′(x) = 4x3 − 2 denotes the derived function of f(x). We see that DK(θ) = R(f, f ′) is
equal to −24×155. Now assume that K contains a quadratic subfield k. By Lemma 3, we
obtain the formula D(K) = Nk(D(K/k))D(k)
2. Since DK(θ) = f
2D(K) for some f ∈ Z
and 155 is squarefree, D(k) must be equal to ±2 or ±22. Therefore K must contain the
quadratic field Q(i).
6 Appendix and corrigenda to “Notes on Quartic Fields”
From the graph of y = f(x) we see that f(x) = 0 has two real solutions and two
imaginary solutions. If θ is real, K = Q(θ) cannot contain the quadratic field k = Q(i).
If θ is not real and K contains k, then since K = Q(θ) is isomorphic to its conjugate field
K ′ = Q(θ′) for a real solution θ′ of f(x) = 0, K ′ must contain a quadratic field. But this
gives a contradiction. Therefore K does not contain any quadratic subfield.
To construct infinitely many quartic fields each having no quadratic subfield, we further
prepare two lemmas.
Lemma 4. ([5, Lemma 7])
1
32
+
1
52
+
1
72
+
1
112
+ · · · < 19
72
, where the sum is taken
over all odd primes.
Lemma 5. (([6, Dirichlet’s prime number theorem p 542], [6, Dirichlet density theorem
p 543], [7]) Let a andm be positive integers with (a,m) = 1. Then the set {a+mx | x ∈N}
contains infinitely many prime numbers [6]. Its density with respect to the set of all primes
is equal to 1/ϕ(m), where ϕ(m) denotes Euler’s function [6, 7].
Example 2. We give a series of quartic fields each which does not contain any
quadratic field. Let p be a prime number which is congruent to 3 modulo 4 and θ be
a root of the equation f(x) = x4 − px − p = 0. By Lemma 1, f(x) is irreducible over Q
and hence K = Q(θ) is a quartic field. We calculate DK(θ) = R(f, f
′) as follows:∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 0 0 −p −p 0 0
0 1 0 0 −p −p 0
0 0 1 0 0 −p −p
4 0 0 −p 0 0 0
0 4 0 0 −p 0 0
0 0 4 0 0 −p 0
0 0 0 4 0 0 −p
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 0 0 −p −p 0 0
0 1 0 0 −p −p 0
0 0 1 0 0 −p −p
0 0 0 3p 4p 0 0
0 0 0 0 3p 4p 0
0 0 0 0 0 3p 4p
0 0 0 4 0 0 −p
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Then we obtain DK(θ) = R(f, f
′) = −p3(27p+ 256) = −p2× p(27p+ 256). Assume that
p(27p + 256) is squarefree and K contains a quadratic subfield k. Then by the formula
D(K) = Nk(D(K/k))D(k)
2, we have D(k) = ±p. But the case D(k) = p does not occur
because k is a quadratic field and p ≡ 3 (mod4). Therefore we obtain k = Q(√−p) and
D(k) = −p.
From the graph of y = f(x) we see that f(x) = 0 has two real solutions and two
imaginary solutions. Therefore by the same reason as Example 1, K does not contain any
quadratic subfield.
For example, K does not contain any quadratic subfield for p = 7, 11, 19, 23, 31, · · ·
because for these prime numbers p(27p+ 256) are squarefree.
Yasuo Motoda 7
We show that there exist infinitely many these prime numbers p such that p(27p+256)
are squarefree and p ≡ 3 (mod 4). If p(27p + 256) is notsquarefree, then since (p, 27p +
256) = 1 and p is odd prime, 27p+256 is not squarefree. Let P be the set of all odd prime
numbers. For any prime number q ≥ 5, the linear Diophantine equation 27p+ 256 = q2x
with respect to p and x has the general solutions p = p0 + q
2s, x = x0 + 27s if there
exists a special solution (p0, x0). Furthermore the general solutions of the above equation
satisfying p ≡ 3 (mod4) are given by p = p1 + 4q2t, x = x1 + 108t if we can find a
special solution (p1, x1) with p1 ≡ 3 (mod4). By Lemma 5 the density of the subset
{p ∈ P | p ≡ p0 (mod 4q2)} with respect to P is
1
ϕ(4q2)
=
1
2q(q − 1) <
1
q2
.
Hence the density of the set of prime numbers p ≡ 3 (mod 4) such that 27p + 256 are
squarefree with respect to P is greater than
1
2
−
(
1
52
+
1
72
+ · · ·
)
>
1
2
− 19
72
+
1
32
=
25
72
by Lemma 4. Therefore there exist infinitely many squarefree numbers of the form p(27p+
256) with p ≡ 3 (mod 4) prime. This proves that there exist infinitely many quartic fields
each which does not contain any quadratic field.
3. Corrigenda
We finally give the following corrigenda to [5].
Page lineline For Read
212 x4 + 2ax2 + a2 − b2d = 0 x4 − 2ax2 + a2 − b2d = 0
210 j, where c = (a, b) j,
27 a2 − b2d 6= j2, dj2, −cj2 a2 − b2d 6= j2, dj2
34 quadratic subfield of k quadratic subfield of K
43 dm ≡ dn ≡ 3 (mod 4) or (3.1) (2.1)
45 (3.2) (2.2)
45 (mod 4) ; (mod 4) or (3) dm ≡ dn ≡ 3 (mod 4) ;
52 (2), (3.1), and (3.2), (2.1), (2.2), and (3),
109 (mod 4) and hence (mod 4). Since 4D =M −N, we have
108 Therefore 2 ramifies Therefore 2 remains prime
1110 we gave a method of we give a method of
199 MC theses, MC thesis,
* 25 For: Case 2. The case that K does not contain any quadratic subfield. This
is equivalent to any defining equation of K which is defined by an irreducible equation
ax4 + bx2 + cx+ d = 0 with a, b, c, d ∈ Z and c 6= 0.
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Read: Case 2. The case that K does not contain any quadratic subfield. This is
equivalent to that whenever ax4 + bx2 + cx + d = 0 is a defining equation of K with
a, b, c, d ∈ Z, we have c 6= 0.
** 113, 26, 22 For: galois, Read: Galois.
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